Abstract. We completely determine which extension of local fields satisfies Fontaine's property (Pm) for a given real number m.
Introduction
Let K be a complete discrete valuation field with perfect residue field k. All algebraic extensions of K are taken inside a fixed algebraic closure of K. We denote by v K the normalized valuation of K and its extension to any algebraic extension of K. For an algebraic extension E/K and a non-negative real number m, we denote by O E the ring of integers of E and by a m E/K the set of elements x ∈ O E with v K (x) ≥ m. In [2] , Fontaine gave upper bounds for ramification of Galois representations of K appearing in the generic fibers of finite flat group schemes over O K . For this, he considered the following property (P m ) for a finite Galois extension L/K for each non-negative real number m: In this paper, we determine which wild L/K satisfies (P m ) for m = u L/K . The result is the following, which shows that the answer to the question depends (only) on the residue field of K.
The proof consists of four parts. In section 2, we reduce the theorem to the case where L/K has only one jump in the ramification filtration of its Galois group. In this case, L/K is an abelian extension. In section 3, we reduce the theorem so that we need only totally ramified E/K for the extensions appearing in the definition of (P m ). In section 4, we prove some facts on the local class field theory of Serre and Hazewinkel ( [6] , [1] ). In section 5, we prove the theorem for the reduced case by using the local class field theory of Serre and Hazewinkel. Note that this technique works for more general abelian cases; see Remark 5.4.
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Notation. For a complete discrete valuation field K with perfect residue field k, we denote by v K the discrete valuation with v K (K × ) = Z, by O K the ring of integers, by p K the maximal ideal, by U K the group of units, and by U n K the group of n-th principal units (n ≥ 0). All algebraic extensions of K are taken inside a fixed algebraic closure K of K. We denote by K sep (⊂ K) the separable closure of K, by K ur the maximal unramified extension of K and by K ab the maximal abelian extension of K. The same notation and convention are applied to k. The absolute Galois group Gal(
For an algebraic extension E/K, we denote by O E the ring of integers, byÊ the completion of E, and by e E/K the ramification index of E/K. We define a
≥ m} for a non-negative real number m. If E/K is totally ramified, an extension of the form EK ′ /K ′ for an unramified extension K ′ /K will be called an unramified base
be the ramification groups (resp. the Herbrand functions) that are studied in [7] . Also, let Gal(L/K) (i) , Gal(L/K) (u) (resp.φ L/K ,ψ L/K ) be the ramification groups (resp. the Herbrand functions) that are defined in [2] . Their relations are as follows: for real numbers i, u ≥ −1, we have
We define the maximal upper ramification break for L/K to be the maximal real number
Reduction to abelian L/K
The following proposition allows us to reduce the proof of Theorem 1.1 to the case where L/K has only one jump in the ramification filtration of its Galois group. Proposition 2.1. Let L/K be a finite Galois extension of complete discrete valuation fields with perfect residue fields. Let 
Note that any finite extension of the residue field of K has no Galois extension of degree p if and only if the same holds for M , since the maximal pro-p quotient of the absolute Galois group of a field of characteristic p is pro-p free ( [8 
Next we show the existence of an
E/K by sending α to β. This proves (2) =⇒ (1).
Reduction to totally ramified E/K
In this section, we reduce the proof of Theorem 1.1 to the case that the extensions E/K appearing in the definition of (P m ) are totally ramified. To be more precise, we consider the following property (P 
Proof. First we assume that any finite unramified base change
) and show that L/K satisfies (P m ). Suppose E/K is an algebraic extension and there exists an
Next we assume that L/K satisfies (P m ) and show that any finite unramified base change
. Suppose E/K ′ is a totally ramified algebraic extension and there exists an
Preliminary results on the local class field theory of Serre and Hazewinkel
In this section, we provide some preliminary results on the local class field theory of Serre and Hazewinkel ( [6] , [1, Appendice] ). We work on the site (Perf/k) fpqc of perfect schemes over a perfect field k with the fpqc topology (compare with [4, Chapter III, §0, "Duality for unipotent perfect group schemes"]). The category of sheaves of abelian groups on (Perf/k) fpqc contains both the category of commutative affine pro(-quasi)-algebraic groups over k in the sense of Serre ([5] ) and the category of commutativeétale group schemes over k as thick abelian full subcategories. For i ≥ 0, we denote by Ext i k the i-th ext functor on the category of sheaves of abelian groups on (Perf/k) fpqc . For a sheaf A of abelian groups on (Perf/k) fpqc and a non-negative integer i, we define the i-th homotopy group π k i (A) of A to be the Pontryagin dual of the injective limit of the torsion abelian groups Ext i k (A, n −1 Z/Z) for n ≥ 1. The system {π k i } i≥0 is a covariant homological functor from the category of sheaves of abelian groups on (Perf/k) fpqc to the category of profinite abelian groups.
First we extend the local class field theory of Serre and Hazewinkel in a canonical way for abelian extensions with unramified part (Proposition 4.1 below). Let K be a complete discrete valuation field with perfect residue field k and let O K be its ring of integers. We define a sheaf O K of rings on (Perf/k) fpqc as follows. For each perfect k-algebra R, we set
where W is the sheaf of the rings of Witt vectors of infinite length and⊗ denotes the completed tensor product. Let K be the sheaf of rings on (Perf/k) fpqc with
gives an affine proalgebraic group structure for U K . We have a split exact sequence 0 
The proof below requires a lemma on calculation of Tate cohomology. Let G be a finite group and let A be a sheaf of G-modules on (Perf/k) fpqc . For a perfect k-algebra R, let {C i (G, A(R))} i∈Z be the standard complete resolution of the G-
) is a sheaf of abelian groups on (Perf/k) fpqc , which is isomorphic to a finite product of copies of A. We define the i-th Tate cohomology sheaf of G with values in A, denoted byĤ i (G, A), to be the i-th cohomology of the complex {C i (G, A)} i∈Z . The sheafĤ i (G, A) is associated with the presheaf R →Ĥ i (G, A(R)) of Tate cohomology groups. Let L/K be a finite Galois extension with residue extension k
We regard these groups as constant groups over k. Let Z[g] be the group ring regarded as anétale group over k. Let I G (resp. I g ) be the augmentation ideal of
. This short exact sequence gives a long exact sequence
and a short exact sequence 
, it is enough to show the vanishing of the group of its k-points. We haveĤ 
The resulting long exact sequence of homotopy groups gives a homomorphism π
g . Therefore we have a following commutative diagram with exact rows and columns:
0 By the resulting long exact sequences of homotopy groups and by passage to the limit, we get the required commutative diagram (1). The map π
coincides with the reciprocity map of the local class field theory of Hazewinkel. Hence it is isomorphism. Also the map π
K is an isomorphism as well.
In the rest of this section, we prove some lemmas needed for the next section.
Lemma 4.3. Let E/K be a finite extension with residue extension k ′ /k and let
Proof. First we reduce to the case where E/K is separable. Let F be the separable
Since q is a p-power and N E/F is the q-th power map, the map N E/F gives an isomorphism
Thus we may assume E/K is separable.
Next we reduce to the case where E/K is Galois. Take a finite Galois extensionẼ of K containing E. The map NẼ /E gives an isomorphism Ker(
On the other hand, we have Gal
Comparing them, it follows that we may assume E/K is Galois.
We show the lemma for Galois E/K. The short exact sequence 0
For the next two lemmas, let L/K be a finite wild Galois extension with a unique jump in the ramification filtration of its Galois group. Then L/K is a totally ramified abelian extension whose Galois group is killed by p. Set m = u L/K > 1 and G = Gal(L/K). Then m is an integer by the Hasse-Arf theorem. We write 
is the corresponding unramified base change of K (resp. L), then the following diagram commutes:
where the vertical arrows are induced by the inclusions 7] . By the assumption on L/K, the sequence
Proof. The inclusion induces an isomorphism from
is isomorphic to the additive group, we have
Thus the resulting long exact sequence of Galois cohomology of k gives an an isomorphism from U
The commutativity of the diagram is obvious.
The reduced case
Throughout this section, let K be a complete discrete valuation field with perfect residue field k of characteristic p > 0 and let L be a wild Galois extension of K with a unique jump in the ramification filtration of its Galois group. Then the extension L/K is a totally ramified abelian extension whose Galois group is killed by p. We put G := Gal(L/K) and m := u L/K > 1. By the Hasse-Arf theorem, m is an integer.
The following proposition, combined with Propositions 2.1 and 3.1, proves Theorem 1.1.
totally ramified algebraic extension of K and if there exists an
Proof. (1) . Assume L/K satisfies (P tr m ). Since G = Gal(L/K) is a non-trivial abelian group killed by p, to show that k has no Galois extension of degree p, it is enough to prove that Hom(G k , G) = 0, which is equivalent to showing that
is an Eisenstein polynomial. Let π E be a root of this polynomial such that the function
by assumption, we have L ⊂ E, which is actually an equality: L = E. Since π L and π E are both prime in
. This proves (1). (2) . Let E be a totally ramified algebraic extension of K such that there exists
of sheaves of abelian groups on (Perf/k) fpqc . By the transitivity of norm, we have
We show that there exists an unramified Galois extension K ′ /K with Galois group isomorphic to a subgroup of G such that the following holds: Let k ′ be the residue field of K ′ and let L ′ = LK ′ , E ′ = EK ′ and N η ′ be the unramified base changes by K ′ /K. Then we can extend N η ′ to an morphismÑ η ′ so as to obtain the following commutative diagram with exact rows of sheaves of abelian groups on (Perf/k ′ ) fpqc :
The construction ofÑ η ′ is as follows. Take a prime element π E of O E . By the isomorphism of Lemma 4.5, N E/K π E defines a homomorphism χ :
Then the commutativity of the right square follows from the equality
The above diagram and the resulting long exact sequences of homotopy groups give the following commutative diagram:
By Proposition 4.1, Lemma 4.3 and Lemma 4.4, we can translate this diagram into
The horizontal arrows are restriction maps. The commutativity of this diagram shows that 
